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packed beds has been developed. 

Packed beds containing refractory 
materials are often used as insulation 
to minimize heat losses from furnaces 
and reactors. A number of correlations 
have been reported in the literature 
to predict the thermal conductivity of 
packed beds. Although the conduction 
process through such a two-phase sys- 
tem with undefined internal boundaries 
is extremely complex, simple correla- 
tions have been quite successful. Gen- 
erally the thermal conductivity of the 
bed is expressed as a function of the 
thermal conductivity of the gas, the 
thermal conductivity of the solid, and 
the void fraction of the bed. The in- 
fluence of particle size, pressure, and 
temperature has not been accounted 
for except insofar as they affect the 
primary variables mentioned above. 

It has been recognized, however, 
that packed beds may have much lower 
thermal conductivities than would 
normally be predicted. When the effec- 
tive gas spaces have dimensions which 
are of the same order as the mean free 
path of the gas molecules, the thermal 
conductivity of the gas phase is re- 
duced. Since most of the conduction 
takes place near points of contact be- 
tween particles, this reduction starts to 
occur when the particle diameter is 
about one thousand times the length of 
the mean free path. Deissler and Eian 
(3)  have measured so-called "break- 
away pressures," below which the 
thermal conductivity of the packed bed 
will decrease with a decrease in pres- 
sure. They have also developed a cor- 
relation to predict the break-away 
pressure for a particular system. The 
break-away pressure may be quite 
high; for example Deissler and Eian 
have shown that a value of 41 lb./sq. 
in. abs. is obtained for 0.2 mm. mag- 
nesium oxide particles and helium at 
400°F. Howevermethods for the pre- 
diction of the thermal conductivity at 
pressures below the break-away value 

A correlation has been developed to predict the thermal conductivity of packed beds for 
various conditions of pressure, temperature, and particle size. The correlation takes into account 
the reduction in thermal conductivity of the gas phase a t  lower pressures when the mean free 
path of the gas molecules is of the same order as the distance between particles which are 
effective in transferring heat. Radiation becomes significant for large particles and high tem- 
peratures. A new relationship for the radiation contribution to the thermal conductivity of 
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were not found in the literature. A re- 
lationship which correlates available 
data has been developed and is pre- 
sented in this paper. 

At high temperatures radiation heat 
transfer between particles becomes 
important. Damkohler ( 2 )  analyzed 
the contribution due to radiation but 
did not suggest a definite equation for 
its effect. Later workers have inter- 
preted Damkohler's analysis in various 
ways to arrive at definite relationships. 
For instance McAdams (8) suggests 
adding the following radiation contri- 
bution to the thermal conductivity of 
the packed bed: 

TS 
1 on k,  = 0.692 6 D, -- (1) 

Other correlations are similar but in- 
clude different factors to account for 
the emissivity of the particles. Only 
recently have some data become avail- 
able in the literature to evaluate the 
contribution due to radiation. The work 
of Yagi and Kunii (14) has shown that 
Equation (1) cannot be used. They 
have developed a single relationship to 
account for all modes of heat transfer 
which contribute to the conductivity of 
packed beds, but this correlation does 
not give satisfactory results when the 
apparent thermal conductivity of the 
gas phase is used for the case of small 
particles. A new correlation for the 
radiation contribution is presented in 
this paper. 

The case of fine dusts with void 
fractions above 0.6, such as carbon 
black, has not been considered here 
for reasons which will be discussed 
later. 

APPARENT T H E R M A L  CONDUCTIVITY 
OF T H E  GAS PHASE 

It has been known for a long time 
that the thermal conductivity'of a gas 
is reduced when low pressures are 
reached. This occurs when the distance 
over which the conduction takes place 
becomes of the same order as the mean 
free path of the gas molecules. Since 
molecules can cross from one surface 
to another before reaching thermal 
equilibrium, there is an abrupt change 
of temperature from the surface to the 
gas instead of the gradual transition 
which occurs at higher pressures. Many 
authors (for example, reference 6) 
have related the apparent thermal con- 
ductivity of the gas, to the normal 
thermal conductivity with the follow- 
ing expression: 

Kinetic theory (6) gives also the fol- 
lowing equation for i: 

2--a 2 k,"L 
i=(--;-)(iT;) (---&;) 

(3)  
which can be rewritten to give 

i = (2::) (2~) 

(4) 

An equation for the apparent thermal 
conductivity of the gas phase is ob- 
tained by the substitution of Equation 
(4) into Equation (2) : 

(5) 
k," 

T k, = 

1+5.08x lo-..( 5::) ( ) (-----) 
l + y  Pbu?Np, 
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Fig. 1. Deissler-Eion correlotion for the thermal 
conductivity of pocked beds. 

A useful solution of Equation ( 5 )  
will require a knowledge of the accom- 
modation coefficient and the effective 
distance over which the conduction 
takes place. Only few experimental 
values of the accommodation coe5- 
cient are available, and even for a 
given solid-gas system values differ 
widely depending on the condition of 
the surface. An exact relationship for 
the effective distance is also difficult to 
determine, since most of the conduc- 
tion will take place near points of con- 
tact between the particles. However 
the success of Deissler and Eian in 
predicting break-away pressures indi- 
cates that an empirical constant may be 
used to include the accommodation co- 
efficient and a proportionality factor 
for the evaluation of b. Actually b is 
equal to the heat transfer-average dis- 
tance between particle surfaces. As a 
simplification however it will be as- 
sumed that b is proportional to the 
length-average distance between par- 
ticle surfaces. 

If one considers spherical particles 

Fig. 2. Effect of pressure on the thermal conductivity of Dacked 
bcds. 

6D,"). In a given direction these parti- 
cles will present a total interfering area 
which is equal to the sum of their 
cross-sectional areas: 

The average interparticle distance is 
equal to the free volume divided by 
the total interfering area: 

2 (-!-) D, 
3 1-43 

Then 

The fipal expression for the apparent 
thermal conductivity is obtained by 
the substitution of Equation (6) into 
(5) and by the inclusion of the term 
[ (2 -a )  / a ]  in C :  

k - ~~------------- (7) 

in a unit cube, the number of particles 
within the cube will be (1--8) / (~/  

GLAss-Am SYSTEM* 
TABLE 1. COMPARISON OF DATA FOR 

Refer- 
ence t ,  "C. D,,mm. 6 k/k, 

10 0.32 0.35 6.62 
60 4.06 0.40 12.0 

( 1 2 )  80 6.77 0.40 5.35 
80 10.0 0.40 5.0 

( 9 )  40 0.34 0.40 9.4 

( 5 )  
(7) 

* A l l  measurements made 
and at atmospheric pressure. 

with glass spheres 

A value of C = 2.03 X 10" has 
been determined by a comparison of 
the results from Equation (7) with ex- 
perimental data of a number of investi- 
gators. This will be discussed below. 
THERMAL CON DUCTlVlTY 
OF A PACKED BtD 

A relationship is needed to predict 

the thermal conductivity of the packed 
bed. Various methods have been pro- 
posed in the literature. The most suit- 
able one appears to be that of Deissler 
and Eian (3),  who have presented the 
semiempirical relationship shown in 
Figure 1. The ratio of the thermal con- 
ductivity of the bed to that of the gas 
phase is plotted against the ratio of the 
thermal conductivity of the solid to 
that of the gas phase with the void 
fraction used as a parameter. 

The accuracy of the correlation of 
Deissler and Eian, or those of other 
workers, is difficult to ascertain. It ap- 
pears that many of the experimental 
data reported in the literature are 
somewhat inaccurate; for example, 
data for the system glass spheres-air 
at nearly the same temperature and 
with almost the same void fraction 
differ widely, as shown in Table 1. 
The data differ by as much as a factor 
of 2.4, and as a result some data which 
appeared to be greatly in error were 
not considered in this study 

Deissler and Eian's correlation (3) 
for the break-away pressure 

Ip 

P o  = 1.77 X 1Od---:- 
D,u2 

can be used to determine whether 
pressure, temperature, or particle size 
will affect the gas-phase thermal con- 
ductivity. If the pressure is below the 
break-away pressure, the gas-phase 
thermal conductivity should be calcu- 
lated by the use of Equation (8) : 

1 + 2 . 0 3 ~ 1 0 - ~  (.-:;) ( $ 5 )  (______ 
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This value of k, is used to calculate the 
ratio of k ,  to k,  at the average bed 
temperature. Figure 1 then gives the 
ratio of k to k, from which the bed 
conductivity can be determined. This 
procedure, but in the reverse order, 
was applied to calculate values of the 
apparent gas-phase conductivity from 
experimental data for the thermal con- 
ductivity of packed beds in order to 
arrive at values for C in Equation (7) .  
Values of C varied by a factor of 2 
possibly owing to variations in the ac- 
commodation coefficient but perhaps 
to an even greater extent to inaccura- 
cies of the experimental data and to 
the approximations in the method of 
Deissler and Eian. 

COMPARISON WITH 
EXPERIMENTAL DATA 

Thermal conductivities of packed 
beds at different pressures have been 
measured by a number of investigators. 
For the same systems Equation (8) 
and Figure 1 were used to obtain pre- 
dicted thermal conductivities. The re- 
sults are compared in Figures 2 to 4. 
In addition, predicted results have been 
compared with data of Schumann and 
Voss (11) and have been deposited 
with the American Documentation In- 
stitute." 

Predicted and experimental curves 
compare quite well, particularly if one 
considers the curves on a relative 
rather than an absolute basis. Devia- 
tions are about as large at higher pres- 
sures, where the apparent gas-phase 
conductivity is nearly equal to the nor- 
mal thermal conductivity of the gas, as 
at lower pressures. It is therefore be- 

* Tabular material has been deposited as doc- 
ument 6137 with the American Documenta- 
tion Institute, Photoduplication Service, Library 
of Congress, Washington 25, D. C., and may be 
obtained for $1.25 for photoprints or 35-mm. 
microfilm. 

lieved that the differences are caused 
mainly by inaccuracies of the experi- 
mental data and by the simplified ap- 
proximation of Deissler and Eian. 

Theoretically there may be no lower 
limit for application of Equation (8). 
It has been reported in the literature 
that at very low pressures the thermal 
conductivity of the gas phase is pro- 
portional to the pressure. Equation 
(8) shows this also, since the first 
term, 1, in the denominator on the 
right-hand side of the equation be- 
comes negligible compared with the 
second term at low pressures. In prac- 
tice however there are limits to the use 
of Equation (8) and Figure 1 for the 
prediction of thermal conductivities of 
packed beds. It is therefore not advisa- 
ble to extend Figure 1 beyond its 
limits, that is outside of 0.2 < 6 < 0.6 
or beyond k J k ,  = 6,000. Although 
Deissler and Eian have included the 
whole range of void fractions from 0 to 
1 in their correlation, the experimental 
values for which the correlation was 

conductivity is the same for larger and 
smaller particles; however more con- 
tact resistances must be added in series 
for smaller particles to obtain the con- 
ductivity over a unit distance. As a 
result calculations can show that pre- 
dicted values may be an order of mag- 
nitude larger than experimental values 
for very small particles. Development 
of a new correlation for the contact 
conductivity will be difficult until more 
data become available. 

EFFECT OF RADIATION 

Radiation heat transfer between 
particles should be included at high 
temperatures, particularly when the 
particles are larger. For example radia- 
tion becomes important for 1 mm. 
particles at temperatures above 400°C. 
and for 0.1-mm. particles above 
1,500"C. A simplified analysis can be 
made for spherical particles, but ex- 
perimental data indicate that the final 
correlation will apply also to other 

tested fell in the range 0.2 < 6 < 0.6. 
~h~ dusts have large void fractions, The derivation presented below will 
up to values of 0.98, but known corre- be limited lo Opaque Particles which 
lations do not apply. This is at least are large compared With the wave 
partly due to the formation of ag lorn- length of radiation. Transpareficy of 
erates. For very large values of g, /k , ,  the Particles would increase the rate of 
solid conduction at contact be- heat transfer and therefore the thermal 

This has not been conductivity of the bed. When the 
accounted for in ~ ~ i ~ ~ l ~ ~  and ~ i ~ ~ ' ~  particles are in the micron range, scat- 
correlation. Wilhelm ( 1 3 )  has pre- tering of radiation should be considered 
sented a for this contact and the absorption of radiation is more 
conductivity : complicated. 

The analysis given here is somewhat 
similar to that used by Argo and Smith 
(1 ) , but a different interpretation has 
led to an improved correlation. When 

Since this correlation does not account one considers the radiation from a 
for the particle size, the thermal con- plane located on one side of a particle 
ductivity contribution due to contact to a plane located on the far side of the 

k. 
log k, = -1.76 + 0.0129 -- 

8 

-. . 
PRESSURE, LB.IS81N. 

Fig. 3. Effect of pressure on the thermal conductivity of 
packed beds. 

PRESSURE, MM. HO 

Fig. 4. Effect of pressure on the thermal conductivity of 
packed beds. 
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Fig. 5. Model for derivation of the radiation 
contribution to the thermal conductivity of a 

packed bed. 

particle, there are two parts to be in- 
cluded. First, there is radiation across 
the void space past the particle. For a 

particle of cross-sectional area -0," , 
the total area for heat transfer can be 
approximated by 

(1 ) 

E D : (  --) 1 (9) 
4 1-8 

with a void area of 

r 8  - 0:- 
4 1-8 

The radiation heat transfer across the 
void area will then be 

where [ D ,  (dt /dx)  ] is the temperature 
difference between the planes previ- 
ously mentioned. 

Secondly, there is radiation from the 
particle in series with conduction 
through the particle. For an element 
of the particle, shown in Figure 5, the 
rate of heat transfer from left to right 
will be 

t. - tl 
2x 

dq = -k, ( 2 d z )  - = 

rdz 
= h, (2,~) ( --) (ta - ts) 

X 

TEMPERATURE, *C. 

Fig. 6. Effect of radiation on the thermal con- 
ductivities of packed beds. 

0 1 0 0  ZOO ?Bo 400 900 600 700 800 

TEMPERATURE, %. 

Fig. 7. Effect of radiation on the thermal con- 
ductivity of packed beds. 

Substitution of this expression for t ,  
into Equation (11) gives 

nzdz dq=k, (-,) ( tl- -----___ 
k. + 2h,r 

where 2r has been replaced by D,. For 
a simplified approximation it will be 
assumed that the temperature gradient, 
dt/dx, for the solid-gas system (packed 
bed) is constant for a distance of 1 
psticle diameter. Then 

t ,  - t ,  = -2x (;; ) 
and Equation (12) becomes 
dq = 

l k .  (2n zdz) (------ h,D, ) ( $) 
k, + h,D, 

This expression can be integrated over 
the whole particle: 

or 

(13) 
Adding the two parts of radiation heat 
transfer, Equations (10) and (13),  one 
gets 

or k. (tl--t2) = 2 her (tz-tg) , 

ta = _---- ksti + 2 hvrt, 

To determine the thermal-conductivity 
correction for radiation heat transfer 
the rate of heat transfer across the total 
area [see Equation (9 ) ]  can be written 

which by elimination of ta gives 

k, + 2 h,r as 

q = - k ,  ( t D b i z T  ) dx  dt (15) 

The radiation contribution is found by 
equating the right-hand sides of Equa- 
tions (14) and (15). 

where k," = h,D,. The right-hand side 
of Equation (16) consists of two terms. 
The first term represents radiation heat 
transfer to the particle in series with 
conduction through the particle, while 
the second term accounts for radiation 
across the void space adjacent to the 
particle. 

The radiation heat transfer coefficient 
between a particle and its neighbors 
can be approximated by 

Ta 
h, = 0.692e -- 

I o* 
This approximation can be made be- 
cause the angle factor is unity and the 
emissivity factor is close to the emis- 
sivity of the particle, since the particle 
under consideration is surrounded by 
the irregular surfare of the packed bed. 
Then 

T' 
k," = 0.692e D, - 

1 O8 (17) 

To evaluate the thermal conductiv- 
ity of a packed bed it is first predicted 
from the correlation in Figure 1 [with 
Equation (8) used, if necessary], and 
then the radiation contribution from 
Equation (16) is added. 

High-temperature data for which 
the correlation can be tested have re- 
cently become available. Yagi and 
Kunii ( 1 4 )  have measured thermal 

March, 1960 Page 66 A.1.Ch.E. Journal . 



conductivities of packed beds contain- 
ing various types of relatively large-size 
particles up to ,840"C. Predicted ther- 
mal conductivities have been compared 
with the results of their experimental 
study in Figures 6 and 7. Good com- 
parisons have been obtained, particu- 
larly when it is noted that at the high- 
est temperature the radiation contribu- 
tion accounts for about 80% of the 
total thermal conductivity. 

CONCLUSIONS 

Correlations have been developed 
for the effect of pressure, temperature, 
and particle size on the thermal con- 
ductivity of packed beds. An apparent 
thermal conductivity of the gas phase 
can be calculated from Equation (8) 
for use in Deissler and Eian's correla- 
tion, Figure 1, to predict the thermal 
conductivity of the bed. The correla- 
tion has been successfully checked with 
the data of various investigators. How- 
ever it is not applicable to fine dusts, 
such as carbon black, because they 
contain particle agglomerates and have 
very large void fractions. For higher 
temperatures and relatively large par- 
ticles a radiation contribution should 
be added. The radiation contribution 
can be calculated from Equations (16) 
and (17). Predicted values compared 
well with experimental data. 

N O T A T I O N  

b 
tion takes place, ft. 

C, C, = empirical constants 
C" 

CP 

D, = particle diameter, ft. 

- distance over which conduc- 

= specific heat at constant vol- 

= specific heat at constant pres- 
ume, B.t.u./ (lb.) ( O F . )  

sure, B.t.u./ (lb.) (OF.) 

heat transfer coefficient for 
radiation, B.t.u./(hr.) (sq.- 
ft.) (OF.) 
jump distance of temperature 
discontinuity, ft. 
thermal conauctivity of 
packed bed, B.t.u./ (hr.) 
(sq. ft.) ("F./ft.) 
Boltzmann constant, 0.565 x 
lo-" (ft.) (lb.)/"R. 
thermal conductivity of gas, 
B.t.u./(hr.) (sq. ft.) ("F./ft.) 
apparent thermal conductiv- 
ity of gas phase, B.t.u./(hr.) 
(sq. ft.) ("F./ft.) 
contact thermal conductivity 
between particles, B.t.u./ 
(hr.) (sq. ft.) ("F./ft.) 
radiation contribution to 
thermal conductivity of 
powder, B.t.u./(hr.) (iq. ft.) 

"F./ft.) 
h,Dp, ' B.t.u./(hr.) (sq. ft.) 
("F./ft.) 
thermal conductivity of solid, 
B.t.u./(hr.) (sq. ft.) ("F./ft.) 
mean free path of molecules, 
ft. 
c,p/k," = Prandtl number 
pressure, lb./sq. ft. 
break-away pressure, lb./sq. 
ft. 
rate of heat transfer, B.t.u./ 
hr. 
radius of particle, ft. 
element of particle perimeter, 
ft. 
surface temperature of solid 
particle, O F .  

gas temperature, O F .  

absolute temperature, O R .  

coordinate in direction of 
heat %ow, ft. 
coordinate perpendicular to 
direction of heat flow, ft. 

Greek letters 

ff = accommodation coefficient 
Y = c,/c, = specific heat ratio 
6 = void fraction 

P = viscosity, lb./(ft.) (hr.) 
U 

€ = emissivity 

= mean diameter of gas mole- 
cules, ft. 
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Calculation of Equilibrium Flash Vaporization 
Curves by an Integration Method 

C. 0. BENNETT, C. J. BRASKET, and J. W. TIERNEY 

Techniques for solving the equilibrium flash problem are reviewed and a new technique 
especially adapted for use on automatic digital computers is  developed. Instead of a single 
equation with multiple roots being solved by an iterative process, as is usually done, the prob- 
lem is rephrased as a differential equation, and a numerical integration is made. The isothermal 
and isobaric flash problems con be handled with essentially the same equations. The method is  
particularly advantageous when a complete flash curve is required and the equations can be 
used when a linear model of the equilibrium flash process is  required. 

If a homogenous hydrocarbon mix- sure or temperature so that the result- 
ture is subjected to. a change in pres- ant conditions are in the two-phase 

region, and if the two phases are in 
equilibrium, then the process is known New York, New York. 

C. 0. Bennett is with the Lummus Company, 

Remington Rand Univac, St. Pod, Minnesota 

as an equilibrium flush vaporization. 
This paper deals with the problem of 
tracing the pressure-temperature-per- 
centage-flashed history of a mixture of 
known over-all composition. The in- 
verse problem of determining the phase 
compositions when an equilibrium flash 
curve is given is more difficult. Some 
of the methods of solving this latter 
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